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Abstract 

The relation between differential geometry of surfaces and some Heisen- 
berg ferromagnet models is considered. 

1 Introduction 

The deep interrelation between many partial differential equations (PDE) of the 
classical differential geometry (DG) of surfaces and modern soliton equations is 
well established now [2-8]. Generally speaking, the interaction between DG and 
PDE has been studied since the 19 th century. For example, it can be found 
in the classical works of Lie, Darboux, Goursat, Bianchi, Backlund, E.Cartan. 
In particular, there are many very interesting PDE originating from DG. The 
famous sine-Gordon equation, for example, first appeared in DG. Some of the 
other soliton equations have been known in DG for a long time [9-11]. 

One of interesting subclass of soliton equations, useful both from the math- 
ematical and physical point of view, is Heisenberg ferromagnets (HE) or spin 
systems (SS) [1,12-27]. In the present paper, we will construct some classes of 
surfaces corresponding several SS in two dimensions. 

2 Some fundamental formulas on the theory of 
surfaces 

Let M 2 be a surface in the 3-dimensional space E 3 parametrized by the coordi- 
nates x, y and defined by the position vector r(x,y). The unit normal vector to 
the surface defines as usual 

n = l -l- (!) 

kxAr v | 

Now we cite a few formulas for the tangent vectors which induce some surfaces. 

2.1 The Rodrigues formula 

The simplest example is the Rodrigues formula (RE) [11] 

r x = -/0]N X , r y = -p 2 N y (2) 
where N is in general some vector-function, pi is the scalar function. 
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2.2 The Lelieuvre formula 

Our second example is the Lelieuvre formula (LF) [4, 7, 9-11, 19-23] 

r x = pN x AN, r y = pN A N„. (3) 

2.3 The Schief formula 

One of interesting generalizations of the LF (3) is the Schief formula (SF) [11] 
r x = pN x AN + ^N,, r y = pNAN y + pN y . (4) 

2.4 The Myrzakulov formula 

At last, we consider the Myrzakulov formula (MF) [27-28] 

= aiN AN, + a 2 N AN 9 + a 3 N x + a 4 N y + a 5 N (5a) 

r y = 6iN A N x + b 2 N AN S + 6 3 N S + b 4 N y + o 5 N (5b) 

where N is some vector function, a^, hi are in general some real functions. We 
note that the RF (2), the LF (3) and the SF (4) are the particular cases of the 
MF (5). 

3 Surfaces and N-systems 

The compatibility condition of the equations (5) gives [28] 

(a ly - b lx )N AN X + (a 2y - b 2x )N AN y + (ai + b 2 )N y A N x + 

+N A [a 2 N yy + (ai - b 2 )N xy - fciN^] + (a by - b 5x )N + (a 3y - b 5 - b 3x )N x + 
+ (a 5 + a 4y - b 4x )N y + [(a 3 - b 4 )N xy + a A N yy - b 3 N xx ] = 0. (6a) 
Hence we obtain 

b 5x - a 5y = N | N {( Q 3y - h - b 3x )N ■ N x + +(a 5 + a 4y - b 4x )N ■ N y 

+(ai + & 2 )N • (N„ A N x ) + N • [(a 3 - b 4 )N xy + a 4 N yy - b 3 N xx }}. (6b) 
Equations (6) we call the N-equations or N-systems [28]. 
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4 Surfaces and n-systems or spin systems 

Let us now we consider the case when 

N = n = S (7) 

where S is the spin vector S = (Si, S 2 , S3), S 2 = Sf + S 2 + <Sf = 1. In this case, 
the equations (6) we call the n-equations or spin systems (SS). Let us consider 
the MF [28] 

r x = diS ASj; + a 2 S A S y + a 3 S x + a 4 S y + a 5 S (8a) 

r y = 61 S AS X + 6 2 S A S y + 6 3 S X + 648^ + 6 5 S (8b) 

which is the spin form of the formulas (5). At the same time, after (7) the 
equations (6) take the form [28] 

(ai y - b lx )S AS X + (a 2y - b 2x )S AS y + (a x + b 2 )S y A S x + 

+S A [a 2 Syy + (ai - b 2 )S xy - &iS xx ] + (a 5y - b 5x )S + (a 3y - 65 - b 3x )S x + 

+ (a 5 + a>4y - b ix )S y + [(a 3 - 6 4 )S XJ/ + a 4 S ra - 6 3 S XX ] = (9a) 
6 5 x - a 5y = (ai + 6 2 )S • (S^ A S x ) + S • [(a 3 - 6 4 )S xy + a 4 S ro ~ b 3 S xx ]. (96) 
From (9a) as the particular case as 

a>i y - h x = a 2y - b 2x = 64 - a 3 = a 4 = 63 = 

we get the equation 

(ai + & 2 )Sj, A + S A [a 2 S w + (ai - b 2 ) 

^ X y b\S xx 

] + (a5y - b 5x )S+ 



(a 3y - b 5 )S x + (a 5 - a 3x )S y = 0. (10) 

One of interesting reduction of this equation is the stationary Myrzakulov XIII 
(M-XIII) equation [28] 

S A [a 2 S yy + (ai - b 2 )S xy - biS xx ] + (a 3y - 6 5 )S X + (a 5 - a 3x )S y = (11a) 

a 5y - b 5x = (ai + b 2 )S ■ (S x AS y ). (lib) 
It is the stationary case of the following M-XIII equation 

S< = S A [a 2 S yy + (ai - 6 2 )S X2/ - 6iS xx ] + (a 32/ - b 5 )S x + (a 5 - a 3x )S y (12a) 

as?/ - 6 5:E = (ai + 6 2 )S • (S x A S y ). (126) 
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4.1 Heisenberg ferromagnet 

Let us consider the following particular case of the system (8) 

oi = a 2 = a 3 = a 4 = b 2 = b 3 = b A = b 5 = 0, a 5 = b x = 1. (13) 
So we have (see, e.g., [5-6]) 

r x = S, r, = SAS x . (14) 
Then the system (10) takes the form 

S 9 = SA S ra (15) 

that is the HF equation. 

4.2 Stationary Landau-Lifshitz equation in two dimen- 
sions 

Let us consider the following particular case of the system (8) 

r :E = SASj / , = -S A S x . (16) 

Then the system (9) takes the form (see, e.g., the ref. [11]) 

S A (S ro + S M ) = (17) 

that is the stationary Landau-Lifshitz equation (LLE) which follows from the 
(2+l)-dimensional LLE 

S i = SA(S ro + S ra ). (18) 

4.3 Stationary M-XIIIA equation 

Now we take the following case of the system (8) 

«5 = a>3x + (f> x , h = a 3y - <f> y . (19) 
In this case we have the MF [28] 

r x = aiS AS, + a 2 S AS y + a 3 S x + (a 3x + <p x )S (20a) 

r y = b±S A + b 2 S AS 9 + a 3 S y + (a 3y - <f> y )S. (206) 

The compatibility condition of the equations (20) or the system (11) gives the 
stationary M-XIIIA equation 

S A [a 2 Syy + (dl - b 2 )S X y ~ ^S^] + (pyS X + (f) X Sy = (21tt) 
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K= (fll ^ 2) S-(S,AS y ). (21b) 
It follows from the M-XIIIA equation [28] 

S t = S A [a 2 S yy + (ai - & 2 )S XJ/ - biS x:E ] + + (^Sj, (22a) 

^ = ^±^S • (S x A S tf ) (22b) 

in the stationary limit. 

4.4 Stationary M-XIIIB equation 

Let 

«5 = Cl3x + 4>y, h = d3y ~ 4>x (23) 

so that instead of (8) we get the following MF [28] 

r x = aiS AS X + a 2 S A S y + a 3 S x + (a 3:c + (f) y )S (24a) 

= 6iS AS X + b 2 S AS y + a 3 S y + (a 3y - <f> x )S. (24b) 
In this case the system (11) takes the form 

S A [a 2 S yy + (ai - b 2 )S XJ/ - biS xx ] + X S X + <j> y S y = (25a) 

<Pxx + (fiyy = (a>i + h)S ■ (S x A Sy) (25b) 

that is the stationary M-XIIIB equation. Itself the M-XIIIB equation can be 
written as [28] 

S t = S A [a 2 Syy + (ai - b 2 )S X2/ - biS xx ] + <p x S x + 0^ (26a) 
4>xx + 4>yy = (ai + b 2 )S • (S x A S^). (26b) 

4.5 Stationary Ishimori equation 

Similarly can be shown that the stationary Ishimori equation 

S A (S XX + ^Syy) + (f) X Sy + (j)yS X = (27a) 

a 2 4>yy - 4> xx = a 2 S ■ (S x A Sy) (27b) 

also can be obtained from the compatibility condition of the particular case of 
the MF (8) [28]. 
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5 Surfaces induced by the generalized Myrza- 
kulov formula 



Now we consider the following generalized MF [28] 

r x = aiN AN, + a 2 N AN 9 + a 3 N x + a 4 ~N y + a 5 N + A + Cr + R x A r (28a) 
r y = 6iN AN, + 6 2 N ANj + 5 3 N x + 6 4 N y + 6 5 N + B + Dr + R 2 A r. (28b) 

We cite a few particular examples of this generalized MF (for details see, e.g., 
theref. [28]). 

5.1 Example 1. 

Let us assume that the tangent vectors are given by 

r x = Cr, r y = Dr (29) 
where C, D are 3x3 matrices. Hence we get 

C y -D x + [C, D] = 0. (30) 

Let 



C 



/ k \ 

-k r 
V -r / 



D 



( uj 3 —u) 2 \ 

—UJ 3 IQ\ 
\ L0 2 UJl / 



(31) 



If we introduce the complex function ip — |e 19:1 lr . Then from (30) we get [1] 

^ + t/w + 2H^ = (32) 

which is the NLSE. 
5.2 Example 2. 

Now we consider the case when the tangent vectors are given by 

r x = R4 A r, r y = R 2 A r (33) 

where R« are some vectors. Hence we get 

Ri w - R 2 x + 2Ri A R 2 = 0. (34) 

6 Conclusion 

In this note, we have considered some spin surfaces induced by SS in two di- 
mensions. The corresponding SS are presented. These SS include, the stationary 
Ishimori equation, Heisenberg ferro magnet, the LLE and so on. At last, in Ap- 
pendix, we presented some generalized SS, so-called Myrzakulov equations, which 
describe spin-phonon or magnetoelastic systems. 
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7 Appendix. Some magnetoelastic systems in 1+1 di- 
mensions 



In this Appendix we present some spin-phonon or magnetoelastic systems in 1+1 
dimensions, so-called Myrzakulov equations, which were obtained in [28]. Some 
of these equations are integrable, for instance, the Myrzakulov V (M-V), Myrza- 
kulov XXXIV (M-XXXIV) and Myrzakulov LXIX (LXIX) equations. 



Table 1. Nonlinear magnetoelastic systems of the 0-type (The Landau-Lifshitz 
equations with potentials) 



Name of the equation 


Equation of motion 




the M-LVII equation 


2iS t = [S, S xx ] + u[S, a 3 ] 




the M-LVI equation 


2iS t = [S, S xx ] + uS 3 [S, o- 3 ] 




the M-LV equation 


2iS t = {(pS 2 x -u + m)[S,S x ]} x 




the M-LIV equation 


2iS t = n[S, S xxxx \ + 2{(n§l - u + m)[S, S x ]} x 




the M-LIII equation 


2iS t = [S, S xx ] + 2iuS x 




Table 2. Nonlinear magnetoelastic systems of the 1-type 




Name of the equation 


Equation of motion 


the M-LII equation 


2iS t = [S, S xx ] + u[S, a 3 ] 
pun = vlu xx + \{S 3 ) XX 


the M-LI equation 


2iS t = [S, S xx ] + u[S, 0-3] 
pu tt = vlu xx + a(u 2 ) xx + (3u xxxx 


+ X(S 3 ) XX 


the M-L equation 


2iS t = [S, S xx ] + u[S, a 3 ] 
u t + u x + X(S 3 ) X = 


the M-XLIX equation 


2iS t = [S,S xx ]+u[S,(T 3 ] 
u t + u x + a(u 2 ) x + (3u xxx + X(S 3 ) X = 



Table 3. Nonlinear magnetoelastic systems of the 2-type 



Name of the equation 


Equation of motion 


the M-XLVIII equation 


2iS t = [S,S xx ]+uS 3 [S,<r 3 ] 
pu u = vlu xx + \{S\) XX 


the M-XLVII equation 


2iS t = [S, S xx ] + uS 3 [S, 0-3] 
pu tt = vlu xx + a(u 2 ) xx + (3u xxxx + \{S 3 ) XX 


the M-XLVI equation 


2iS t = [S, S xx \ + uS 3 [S, a 3 ] 
u t + u x + X{S 3 ) X = 


the M-XLV equation 


2iS t = [S,S xx ]+uS 3 [S,<r 3 ] 
u t + u x + a(u 2 ) x + Pu xxx + \{Si) x = 



Table 4. Nonlinear magnetoelastic systems of the 3-type 
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Name of the equation 


Equation of motion 


the M-XLIV equation 


2iS t = {(n%-u + m)[S,S x ]} x 
pu tt = Vq11 xx + X(S X ) XX 


the M-XLIII equation 


2iS t = {(f,S 2 x -u + m)[S,S x }} x 
pu t t = vlu xx + a(u 2 ) xx + (5u xxxx + X(S X ) XX 


the M-XLII equation 


2iS t = {(n%-u + m)[S,S x ]} x 
u t + u x + X(Sl) x = 


the M-XLI equation 


2iS t = {(p J S 2 x -u + m)[S,S x ]} x 
u t + u x + a(u 2 ) x + j3u xxx + X(S X ) X = 



Table 5. Nonlinear magnetoelastic systems of the J^-type 



Name of the equation 


Equation of motion 




the M-XL equation 


2iS t = [S, S xxxx \ + 2{(pS x -u + m)[S, S x ]} x 

P u tt — VqUxx + X(S X ) XX 




the M-XXXIX equation 


2iS t = [S, S xxxx \ + 2{(ptS 2 x -u + m)[S,S x ]} x 
pu tt = u 2 u xx + a(u 2 ) xx + (3u xxxx + X(S 2 ) XX 




the M-XXXVIII equation 


2iS t = [S, S xxxx ] + 2{(vS 2 -u + m)[S, S x }} x 
u t + u x + X(S 2 ) X = 




the M-XXXVII equation 


2iS t = [S, S xxxx \ + 2{(p,S 2 -u + m)[S, S x ]} x 
u t + u x + a(u 2 ) x + (3u xxx + X(Sl) x = 




Table 6. Nonlinear magnetoelastic systems of the 5-type 




Name of the equation 


Equation of motion 


the M-XXXVI equation 


2iS t = [S, S xx ] + 2iuS x 
pu tt = u 2 u xx + j(tr(S 2 )) xx 


the M-XXXV equation 


2iS t = [S, S xx ] + 2iuS x 
pu tt = v 2 u xx + a(u 2 ) xx + (3u xxxx + j(tr(S 2 )) xx 


the M-XXXIV equation 


2iS t = [S, S xx ] + 2iuS x 
u t + u x + \{tr(S 2 x )) x = 


the M-XXXIII equation 


2iS t = [S, S xx ] + 2iuS x 
u t + u x + a(u 2 ) x + f3u xxx + j(tr(S%)) x = 



Table 7. Nonlinear magnetoelastic systems of the 6-type 



Name of the equation 


Equation of motion 


the M-LXIX equation 


St = ^(-^JS 2 x -u 2 S x + uSAS x ) 

u x = v^JS 2 - u 2 
v t = -S- (S t A S x ) 



Table 8. Nonlinear magnetoelastic systems of the 7-type 
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Name of the equation 


Equation of motion 


the M-V equation 


iS t = ±[S, S xx ] + l\S\ (S% x }, S* = Se os P (2\l) 
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